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Abstract 

The rainbow connection number rc(G) and the rainbow vertex-connection num- 
ber rvc(G) of a graph G were introduced by Chartrand et al. and Krivelevich and 
Yuster, respectively. Good upper bounds in terms of minimum degree 5 were re- 
ported by Chandran et al., Krivelevich and Yuster, and Li and Shi. However, if 
a graph has a small minimum degree 5 and a large number of vertices n, these 
upper bounds are very large, linear in n. Hence, one may think to look for a 
good parameter to replace 5 and decrease the upper bounds significantly. Such 
a natural parameter is a^. In this paper, for the rainbow connection number we 
prove that if G is a connected graph of order n with k independent vertices, then 
rc(G) < 3fc ^qj| + 6k — 4. For the rainbow vertex-connection number, we prove 

that rvc(G) < {4k + 2 f k )n +5k iia k < 7k and a k > 8k, and rvc(G) < { % + k f k )n +5k 
if 7k < (Tfc < 8k. Examples are given showing that our bounds are much better 
than the existing ones, i.e., for the examples S is very small but a k is very large, 
and the bounds are rc{G) < 9k - 3 and rvc(G) <9k + 2k 2 or rvc(G) < ^ + 2k 2 , 
which imply that both rc{G) and rvc{G) can be upper bounded by constants from 
our upper bounds, but linear in n from the existing ones. 
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1 Introduction 



All graphs under our consideration are finite, undirected and simple. For notations 
and terminology not defined here, we refer to [2]. Let G be a graph. The length of a 
path P in G is the number of edges of P. The distance between two vertices u and v in 
G, denoted by d(u,v), is the length of a shortest path connecting them in G. If there 
is no path connecting u and v, we set d(x,y) := oo. For two subsets X and Y of V, 
an (X, y)-path is a path which connects a vertex of X and a vertex of Y, and whose 
internal vertices belong to neither X nor Y. We use E[X, Y] to denote the set of edges 
of G with one end in X and the other end in Y, and e(X, Y) = \E[X, Y]\. 

Let c : E{G) — > {1, 2, • • • , k}, k e iV be an edge-coloring, where adjacent edges may 
be colored the same. A graph G is rainbow edge-connected if for every pair of distinct 
vertices u and v of G, G has a u — v path P whose edges are colored with distinct 
colors. This concept was introduced by Chartrand et al. [5]. The minimum number 
of colors required to rainbow color a connected graph is called its rainbow connection 
number, denoted by rc(G). Observe that if G has n vertices then rc(G) < n — 1. 
Clearly, rc(G) > diam(G), the diameter of G. In [5], Chartrand et al. determined the 
rainbow connection numbers of wheels, complete graphs and all complete multipartite 
graphs. In [3], Caro et al. got the following theorems and made the following conjectures. 

Theorem 1 [3]. If G is a connected graph with n vertices and minimum degree 5 > 3, 
then rc(G) < |n. 

Theorem 2 [3] . If G is a connected graph with n vertices and minimum degree 5, then 
rc(G) < min{ l -fn{\ + o s (l)),n^f^}. 

Conjecture 1 [3]. If G is a connected graph with n vertices and minimum degree 5 > 3, 
then rc(G) < |n. 

In [6], Krivelevich and Yuster got the following upper bound, which looks much sim- 
pler than Theorem 2. 

Theorem 3 [6]. A connected graph G with n vertices has rc(G) < 

In [8], Schiermeyer proved Conjecture 1 and posed the following challenging problem. 
Problem 1 [8]. For every k > 2 find a minimal constant c& with < < 1 such that 
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rc{G) < nek for all graphs G with minimum degree 5 > k. Is it true that c k = for 
all k > 27 ? 

In [4], Chandran et al. settled this problem, which improves the result of Theorem 3. 
They obtained the following result. 

Theorem 4 [4]. For every connected graph G of order n and minimum degree 5, we 
have rc(G) < 3n/(5 + 1) + 3. Moreover, the bound is seen to be tight up to additive 
factors by examples given in [3]. 

Before the proof of Theorem 4, they first proved the following result. 

Theorem 5 [4]. If D is a connected two-way two-step dominating set in a graph G, 
then rc(G) < rc(G[D]) + 6. 

However, if a graph has a small minimum degree S but a large order n, then the upper 
bound 3n/(5 + 1) + 3 will be very large, linear in n. But, actually rc{G) could be much 
less than the bound, a constant, for which we will give examples later. Hence, one may 
think to look for a better parameter to replace 5. Such a natural parameter is <Jk, which 
is defined by <Jk{G) = min{d(ui) + d(u2) + • • • + d(uk)\ ui,u 2 , • • • ,v>k £ V(G),UiUj (jL 
E(G),i £ {1, • • • , k}}, or simply denoted by a k . Observe that a k is monotoni- 

cally increasing in k. So a k could be very large, which would decrease the upper bound 
dramatically. In this paper, we will employ the parameter a k to get the following result. 

Theorem 6. If G is a connected graph of order n with k independent vertices, then 
rc(G) < 3k^r + Qk-4. 

From the following examples, one can see that a^, really works very well in decreasing 
the upper bound of rc{G). First of all, we denote by K* b the graph obtained from the 
complete bipartite graph K a b by joining every pair of vertices in the 6-part by a new edge. 

Example 1: Let fff be an integer and let H — K*_ 2 Hi — K* „_ 2 , and H k = K 1 
with V(Ki) = {v}. Take k — 2 copies of H, denoted by H 2) ■ ■ ■ , H k _x. Label the two 
non-adjacent vertices of Hi by x i; i,x i; 2, for i e {1, • • • , k — 1}. Now, connect x ij2 and 
with an edge for every i e {1, • • • , k — 1}, and connect v and Xk-1,2 with an edge. 
The resulting graph is denoted by G. From the construction, it is not difficult to check 
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that for every v G V(Hi),i G {2, • • • , k — 1}, we have d(i>) = ?5f — 1- 111 addition, 
= frf - 1, CTfc = (fzf - - 1) + 1 — n - k, and 5(G) = 1. From these facts, 
one can see that the upper bound of Theorem 4 is rc(G) < 3n/2 + 3, which is linear in n, 
nevertheless, the upper bound in our Theorem 6 is rc(G) < 9k — 4, which is a constant 
when k is small, say 2, 3, etc. Notice that here we can make 5 be 2,3, etc, simply by 
adding a few edges properly. 

Example 2: Let ^ be an integer and let H = K*^ , H' = K* ^. Take t copies 

1 k ' k 

of if, denoted by H 1 , ■ ■ ■ ,H t , and take two copies of H', denoted by H , H t+ i. Label 
the two non-adjacent vertices of Hi by 2^1,2^2, for i G {0, 1, • • • , t + 1}. Now, con- 
nect Xi t 2 and for i e {0, • • • ,t + 1} with an edge. The resulting graph G has 
n = (t + 2)(^ + 1) + 2 vertices. It is straightforward to verify that for % e {1, 2, • • • , t} 
and any f G V(ifj), we have d(v) = ^. In addition, d(x 0jl ) = d(x t+1:2 ) = jr, and 
diam(G) = d(x 0:1: x t+lj2 ) = 3t + 5. From 3/c^^ — 1 = 3t + 5, and rc(G) > diam(G), 
one can see that the bound rc(G) < "ikf^ + 6 k — 4 of Theorem 6 could be seen to be 
tight up to additive factors 6k — 3 when k is small. 

Let c : V(G) — )■ {1, 2, • • • , &;}, fc G iV be a vertex-coloring, where adjacent vertices may 
be colored the same. A graph G is rainbow vertex-connected if for every pair of distinct 
vertices u and v of G, G has a u — v path P whose internal vertices are colored with 
distinct colors. The minimum number of colors required to rainbow color a connected 
graph is called the rainbow vertex-connection number of G, denoted by rvc(G). The 
concept of rainbow vertex-connection number was introduced by Krivelevich and Yuster 
[6]. It is obvious that rvc(G) < n — 2 and rvc(G) > diam(G) — 1. In [6], Krivelevich 
and Yuster obtained the following result: 

Theorem 7 [6] . A connected graph G of order n with minimum degree 5 has rvc(G) < 

lira 
8 ■ 

In [7], Li and Shi improved the above bound and got the following result: 
Theorem 8 [7] . A connected graph G of order n with minimum degree 5 has rvc(G) < 

3log(5 3 +2S 2 +3)-3(log3-l) 

^ + C{5) for 5 > 6, where C{8) = e ~ 2. And rvc(G) < f - 2 for 

5 = 3, rvc(G) < f - § for 5 = 4, rvc(G) < f - 2 for 5 = 5. 

Similar to the edge-coloring case, if we use the parameter ak{G) to replace 5, the upper 
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bound of rvc{G) can also be dramatically improved, see the following result: 

Theorem 9. Let G is a connected graph of order n with k independent vertices. Then 
rvc{G) < (4k X 2 fk )n + 5k if a k < 7k and a k > 8k; whereas rvc(G) < + 5k if 

7k < a k < 8k. 

From Example 1 one can see that there are infinitely many graphs G satisfying 
a k > n — k and 5 is small, which means that rvc(G) < 9k + 2k 2 or rvc(G) < ^ + 2k 2 , 
which are constants, however the bounds in Theorems 7 and 8 give us rvc{G) < lln/S 
and rvc(G) < -^j + C(5), which are linear in n. 

The rainbow connection numbers have applicable background. They can be used in 
secure transfer of classified information between agencies. Suppose we have a communi- 
cation network G, and we want to transfer information between any two agencies along 
a route in the network in such a way that each link on the route is assigned a distinct 
channel. The aim is to use as few distinct channels as possible in our network. The 
question is what is the minimal number of channels we have to use. rc{G) is just the 
number we want. 

The following notions are needed in what follows, which could be found in [4, 6] . Given 
a graph G, a set D C V(G) is called a A;-step dominating set of G, if every vertex in G 
is at a distance at most k from D. Further, if D induces a connected subgraph of G, it 
is called a connected A;-step dominating set of G. The fc-step open neighborhood of a set 
D C V(G) is N k (D) := {x G V(G)\d(x, D) = k}, k = {0, 1,2,---}. A connected two- 
step dominating set D in a graph G is called a connected two-way two-step dominating 
set if every pendant vertex of G is included in D and every vertex in N 2 (D) has at least 
two neighbors in A^ 1 (D). We call a two-step dominating set /c-strong if every vertex in 
N 2 (D) has at least k neighbors in TV^D). 

2 Proof of Theorem 6 

Theorem 6. If G is a connected graph of order n with k independent vertices, then 
rc(G) < 3kf^- k +6k-3. 

Proof. As rc(G) < n - 1, if a k < 2k, then Skf^ + 6k - 3 > n + 6k - 5 > n + 7(k > 2), 
the theorem is true. So we may assume that a k > 2k + 1. First we see the following two 
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claims: 



Claim 1. G has a connected two-step dominating set D such that \D\ < 3k - 1 + 

3A; — 5. 



Proof. Let u±, u 2 , ■ ■ ■ ,u k be independent vertices of G and d(ui) > d(u 2 ) > • • • > d{u k ). 
Say D = we have |£> U A^D)] > [^] + 1. 

Case 1.1. a(G[iV 3 (D)]) > k. 

Let fi,f 2 ,--- , v k be independent vertices of G[N 3 (D)] and d(i>i) > d(t> 2 ) > ••• > 
d(vk). Since d(v\,D) = 3, let P = V\V 2 v\v^ be a shortest v\ — D path where G 
N 2 (D),v\ G TV^D),^ G P. (Latter, we will omit this note). Say D = {m, v±, v{, v{}. 
When the vertex vi was put to D, \D U A^ 1 (D)| increases by at least \^-] + I. If 
a(G[N 3 (D)}) > k, we continue the above manipulation. When a(G[N 3 (D)}) < k - 1, 
we may get \D\ < 3(^f - 1) + 1 < 3k -\^)H^D)\ _ 2 ^ ^ ^ . . . ^ } be 
a maximum independent set of G[N 3 (D)}. Pi = Xix\x\x1 be a shortest x± — D path, 
say D = D U {xi,x\,x\}. Similarly, let P 2 = x 2 x\x\x\ be a shortest x 2 — D path, 
say D = D U {x 2 , x|, x 2 }> • • • . Finally, let P t = x t x 2 t x\x\ be a shortest x t — D path, 
say D = DU {xt,x 2 ,x}}. We may see that D is a connected two-step dominating set 
and \D\ < 3fc w - |N2(g) '- |Jv3(p)l -2 + 3(fc-l) < 3k n ~ lN \ D k )hl + 3k-5. So the claim is true. 

Case 1.2. a(G[N 3 (D)]) < k - 1. 

Let {xi, x 2 , • • • , Xt} be a maximum independent set of G[iV 3 (P)]. Similar to the proof 
of the latter part of Case 1.1, we get \D\ < 1 + 3t < 1 + 3(k — 1). It is obvious that the 
claim is true again. □ 

Claim 2. If o k > 2k + 1, then G has a connected two-way two-step dominating set D 
such that \D\ < 3k^r + Qk - 9. 

We look at the connected two-step dominating set D of Claim 1. As a k > 2k + 1, 
AT 1 (Z)) has at most fc — 1 pendant vertices. We put the fc — 1 pendant vertices to P. So 
|£| < 3k n ~\ NH ^~ 1 + 3A; - 5 + k - 1 = 3A; "H Af2 (g )| - 1 + 4A; _ 6 . Note that iV 1 (Z?) has no 
pendant vertices. If for each vertex v G N 2 (D), e(v, A rl (P)) > 2, then P is exactly the 
required connected two-way two-step dominating set D, and the claim is true. Therefore, 
we may assume that 3v G N 2 (D) , e{v , N l (D)) = 1. 
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Case 2.1. There exists an independent set {vi,v 2 ,--- ,v k } in G[N 2 (D)] such that 
e(v ± , N l (D)) = e(v 2 , N l (D)) = ■ ■ ■ = e {v k) N\D)) = 1. 

Suppose that d{v\) > d{y 2 ) • • • > d(v k )- As d(v±, D) = 2, let P = v\v\vi be a shortest 
v i — D path, where has at least \^if \ — 1 neighbors in N 2 (D). When we put ver- 
tex vi to D, \N 2 (D)\ reduces by at least \ q k k ~\- If G[N 2 (D)] still has an independent 
set {v u v 2 , ■■■ ,v k } such that e(v 1 ,N 1 (D)) = e(v 2 ,N 1 {D)) = ■■■ = e(v k ,N 1 (D)) = 1, we 
continue the above manipulation, until G[N 2 (D)} has no independent set {v±, v 2 , • • • , v k } 
such that e{v 1 ,N 1 {D)) = e{v 2 ,N l {D)) = ■■■ = e{v k) N 1 (D)) = 1. Thus D increases by 
at most 2\N\D)\/m < Hence |D| < 3k^iE)Ll + Ak _ 6 + < 

| V/|/| fe |_ II— cr k +k cr k 

3k ^Tk + 4 ^- 6 - Here , N 2 (D) can be partitioned into two parts N 2 (D) and N 2 (D), for 
G N 2 (D), e(v, ^(D)) > 2, and Vu G N^(D),e(v,N\D)) = 1 and a(G[iV 2 2 (£>)]) < 
fc — 1, where |A^f(D)| > 0, \N 2 (D)\ > 0. In the same way as before, we can arrive at that 
D is a connected two-way two-step dominating set such that \D\ < Sk- 11 ^ + Ak — 6 + 
2(k - 1) = 3k + Qk-8. So the claim is true. 

Case 2.2. There does not exist any independent set {v± : v 2: ■ ■ ■ ,v k } in G[N 2 (D)} such 

that e(ui, A^P)) = e(u 2 , A^P)) = • • • = e(u fc , A^)) = L 

We partition N 2 {D) into two parts Nf(D) and Af (£>), for Vu G iV?(D), e(u, A^D)) > 
2, and G N 2 (D), e(v, N l (D)) = 1 and a(G[Af (£>)]) < k - 1, where |JV?(D)| > 
0, |JV|(Z))| > 0. Similarly, we can get a connected two-way two-step dominating set such 
that |D| < Sfc "" 1 ^ 1 ^ 1 " 1 +4fc — 6 + 2(fc-l) < 3kf^+6k-8. The claim is again true. □ 

Observe that the connected two-way two-step dominating set D can be rainbow col- 
ored, using \D\ — 1 colors by ensuring that every edge of some spanning tree gets distinct 
colors. According to Claim 2 and Theorem 5, the upper bound follows immediately. □ 

3 Proof of Theorem 9 

We first recall the following Lemma 1 and prove Lemma 2, as we need them in the 
proof of our theorem. 

Lemma 1 (The Lovasz Local Lemma [1]). Let A 1 ,A 2 , ■ ■ ■ , A n be the events in an 
arbitrary probability space. Suppose that each event A { is mutually independent of a 
set of all the other events Aj but at most d, and that -P[A] < V for all 1 < % < n. If 
ep(d +!)<!, then Pr[/\" =1 A~] > 0. 
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Lemma 2. If G is a connected graph of order n with k independent vertices, then 
G has a connected spanning subgraph G' which has the same value of a k as G and 

e(G')<n(a k -k + l) + ^. 

Proof. For convenience, we denote by I k an independent set {vi,v 2 , ■ ■ ■ ,v k } that sat- 
isfies d{vi) + d(v 2 ) + ■ ■ -d(v k ) = &k- We delete the edges of G as soon as possible and 
get H such that <Jk(H) = a k , but for each edge e G E(H),a k (H — e) < a k . Hence 
each edge of H is incident to some vertex of some I k . Suppose that H has mutually 
disjoint independent sets JjJ,i|, ••• , J£, that is, I\C\P k = 4>,i,j G {1,2, ••• , a}. Let 
H' = H — (J" =1 Then for each edge e G E(H'), at least one of its ends w is in some J fc 
and d w (H) < a k — (k — 1). Suppose that all edges of E(H') are incident to b vertices each 
of which is in some Ik- We know that for each vertex v G V(H' fl Ik), d(v) < a k — (k — 1). 
Note that b < n — ka, so e(H) < aa k + b(a k — k + 1) < aa k + (n — ka){a k — k + 1) = 
a(l — k)(a k — k)+n(a k — k+1). If has t connected components Hi, H 2 , ■ ■ ■ , i? t , then for 
any k vertices , i>j 2 , • • • , Uj fc , each . taken from the corresponding component . We 
have d( Vil ) + d(v i2 ) + ■■■ + d(v ik ) >a k . So\V(H h )\ + \V(H i2 )\ + --- + \V(H ik )\>a k + k. 
Thus, t < ■ That is, H has at most [^^1 connected components. Therefore, we 

get e(G") < a(l - k)(a k - k) + n(<r fc - fc + 1) + \^] - 1 < n(a k -k + l) + ^. The 
claim follows. □ 



The proof of Theorem 9. Since G is a connected graph of order n, we know 
rvc{G) < n - 2. As 4A; + 2A; 2 - 8A; = 2fc(A: - 2) > 0, if a k < 7k, the result is obvi- 
ous. So we may assume a k > 7k + 1. 

Claim 3. G has a connected [||]-strong two-step dominating set D such that \D\ < 
4k^r,+5k-6. 

Proof. We look at the set D in Claim 1 of the proof for Theorem 6. If for each vertex 
v G N 2 (D), e(v, N 1 ^)) > [f|l, then D is exactly the required dominating set. So we 
assume that there exists a v G N 2 (D) such that e{v,N l (D)) < |~f|] - I. 

Case 3.1. There exists an independent set {vi,v 2 ,--- ,v k } in G[N 2 (D)] such that 
e( Vl ,N\D))<\^\-l,te{l,2,--- ,k}. 

We assume > d(v 2 ) > ■ ■ > d(v k ). Let P = viv\v® be a shortest Vi — D path, 

where t> i has at least |~^] - [||] + 1 > [f|J + 1 neighbors in N 2 (D). When we put vertex 
t>i to D, \N 2 (D)\ reduces by at least Lffe J + 2 - When G[N 2 (D)] still has an independent set 
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{t>i,t>2, • • • such that e{vi ) N 1 {D)) < [||] — 1, we continue the above manipulation, 
until G[N 2 (D)] has no independent set {v i, v 2 , • • • , v k } such that e(v j, A^ 1 (D)) < [||] — 1, 
where i G {1,2,--- Thus -D increases by at most 2|iV 2 (.D)|/(|_f!J +2)- Hence 

|Z)|<3fc^^ + 3fc-5 + ^ + l = 3fc^-3fcM + M + 3fc-4< 
+ fc|jV ! ( A ?' + 3A; - 4 < 4A;^ + 3A; - 4. So |D| < 4*;^ + 3A; - 4. 
Here, N 2 (D) can be partitioned into two parts Nf(D) and N%(D), for Vi; G N 2 (D), e(v, 
N\D)) > [§£], and Vt; G 7V|(L>), e(u, N\D)) < [§£] - 1 and a(G[iVf (£)]) < fc - 1, 
where |iVf(D)| > 0, |AT|(Z))| > 0. In the same way as before, we may arrive at 
\D\ < Ak^r + 3A; - 4 + 2(k - 1) = 4A;^ + 5A; - 6, where D is a connected two- 
way two-step dominating set, and for each vertex v G N 2 (D), e(v ) N l (D)) > [||]. So 
the claim is true. □ 



Case 3.2. There does not exist any independent set {v 1 ,v 2: ■ ■ ■ ,v k } in G[N 2 (D)] such 
that efa, N\D)) < \%\ - 1, % G {1, 2, • • • , k}. 

We partition N 2 (D) into two parts N 2 (D) and N 2 (D), for \/v G N 2 (D), e( Vi , N\D)) > 
[§£], and G N^(D),e(v i ,N 1 (D)) < [§£] - 1 and a(G[JV|(£>)]) < fc - 1, where 
l^i (-D)I > 0, \N%(D)\ > 0. Similar to the proof of the latter part of Case 3.1, we can get 
\D\ < 3k n ~ lN2( f, )hl + 3k - 5 + 2(k - 1) < 3k^r + 5k-7. The claim is also true. □ 

Claim 4. G has a connected \f$k~\ -strong two-step dominating set D such that \D\ < 

38fc(n-l) , r 7, fi 

Proof. We still look at the set D in Claim 1 of the proof for Theorem 6. If for each 
vertex v G N 2 (D), e(v,N l (D)) > [j 2 ^], then D is exactly the required dominating set. 
So we assume that there exists a v G N 2 (D) such that e(v, AT 1 (Z))) < [j 2 ^] — 1. 



Case 4.1. There exists an independent set {i>i,i>2, ••' ^fe} i n G[N 2 (D)] such that 
e^TV 1 ^))^ r^l-l,ie{l,2,...,fc}. 

Suppose that d(vi) > d(v 2 ) > ••• > d{v k ). Let P = i>ii>Ji>i be a shortest v 1 — D 
path, where ^ has at least [^] - [^] + 1 > [fffj + 1 neighbors in N 2 (D). When 
we put vertex vi to D, |iV 2 (L>)| reduces by at least [ff|J + 2. If G[iV 2 (D)] still has 
an independent set {t>i,f2, ••• ,Vk} such that e{vi,N 1 {D)) < [^;1 — 1, we continue 
the above manipulation, until G[N 2 (D)} has no independent set {vi,v 2 ,--- ,v k } such 
that e(vi,N 2 (D)) < \f^\ - 1, where i G {1,2, ••• , k}. Thus £> increases by at most 
2|iV 2 (D)|/(Lftj+2). Hence \D\ < ^-^^+3k- 5+^^+1 < f^+3*-4. 
Here, iV 2 (D) can be partitioned into two parts Nf(D) and N$(D), for G Nf(D), 
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e(v,N\D)) > and Vu G iVf(£>), e(v, N\D)) < \^\ -1 and a(G[JVf (£>)]) < fc- 

1, where |7V?(D)| > 0,|JV|(D)| > 0. As before, we can get \D\ < ^f^ + 3k-A + 2k-2 
where -D is a |~ j^]-strong two-step dominating set. So the claim is true. □ 

Case 4.2. There does not exist any independent set {t>i,t>2, • • • ,Vk} in G[N 2 (D)] such 
that e{v i ,N 1 {D)) < - l,i G {1, 2, • • • , k}. 

It is also easy to check that \D\ < 3fc " H ^ )l ~ 1 + 3k - 5 + 2(k - 1) < 3A;^r + 5A;-7. 
The claim is true. □ 



By Lemma 2 and the definition of rvc(G), we may assume that G has less than 
n(a k — k + l) + -^j: edges. And by Claim 3, we may first construct a [||] -strong two-step 
dominating set D with \D\ < Akf^: + 5k — Q, and then we partition A^ 1 (D) into two parts 
Nl(D) and N^D), where N}(D) are those vertices with at least -^{(Tk+k) 2 — 1 neighbors 
in N 2 (D). So we have \N\(D)\ < Let Nl(D) are those vertices which have at least 

one neighbor in N\{D), N 2 (D) = N 2 (D) \ N 2 (D). Therefore, e{N%(D),N{{D)) = 0. 

Now we assign distinct colors to each vertex of D U Nl(D), then we color N 2 (D) 
only with 9 fresh colors so that each vertex of N 2 (D) chooses its color randomly and 
independently from all other vertices of N 2 (D). The vertices of N 2 (D) remain uncolored. 
We will show that the above coloring of G results in a rainbow vertex-connection. It is 
obvious that any two vertices of D are connected by a rainbow path, as each vertex of D 
has distinct colors. Similarly, every pair of vertices of Nl(D) are connected by a rainbow 
path. For any two vertices u±,U2 of Nf(D), there exist vertices Wi,u>2 £ D such that 
u\W\ G E(G),U2W2 € E(G), and D has a w\ — W2 rainbow path. Hence there exists a 
u\ — U2 rainbow path in G. In the same way, for any two vertices of N 2 l {D) we can find 
a rainbow path connecting them. For u G D and v G Nl(D), there is a vertex w G D 
such that vw G E{G), and D has a w — w rainbow path. So G has a u — t> rainbow 
path. In the same way, for any two vertices coming from respectively any two sets of 
D,Nl(D),Nf(D),N 2 1 (D) and N$(D), G has a rainbow path connecting them. 

Now it suffices to prove that every two vertices of N 2 (D) are connected by a rainbow 
path, that is, for N 2 (D), there exists a coloring with 9 colors such that every vertex of 
N 2 (D) has at least two neighbors in N 2 (D) colored differently. Let P v be the event that 
all the neighbors of v in N 2 (D) are assigned at least two distinct colors. Now we will 
prove Pr[P v ] > for each vertex v G N 2 (D). As D is a [||] -strong two-step dominating 
set, we can fix a set X(v) C N 2 (D) of neighbors of v with |X(t>)| = [||]. Let Q v be the 
event that all of the vertices in X(v) receive the same color. Thus, Pr[Q v \ < 9~^^ +1 . As 
each vertex of N 2 (D) has less than ^2 (cfe + /c) 2 — 1 neighbors in N 2 (D), we have that the 
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event Q v is independent of all other events Q w for v ^ w but at most (2P (o"fc + k) 2 — 2) |~||] 
of them. Since e • 9"^l+ 1 ((^( C r fc + A;) 2 - 2) [§£] + 1) < 1 for all <r fc > 8k, by the Lovasz 
Local Lemma, we have Pr[P v ] > for each v G N 2 (D). Hence, we have proved that for 
Nf(D), there exists a coloring with 9 colors such that every vertex of N%(D) has at least 
two neighbors in N 2 (D) colored differently. 

We know that the total number of colors we used is at most \D\ + IDA +9 < Ak^ 1 ^ + 
5A;-7+^%-l + 9< (2fc2 + 4 " )w + 5ife + 1. Therefore, we arrive at ruc(G) < ( 2fe2 + 4fe >" + 5 A; 
for all a k > 8k. 

In the following we still make use of the above G, but we will use Claim 4 to construct 
a [^1-strong two-step dominating set D with \D\ < q^"~*| -|- 5A: — 6, and then we 
partition N 1 ^) into two parts Nl(D) and N 2 (D), where Nl(D) are those vertices 
with at least ^(<r k + k) 2 - 1 neighbors in N 2 (D). So we have liV^ | < Let 
Nz(D) consist of those vertices which have at least one neighbor in Nl(D), N 2 (D) = 
N 2 {D)\N 2 {D). 

Similar to the above coloring, we assign distinct colors to each vertex of D U N\(D), 
then we color N 2 (D) only with 9 fresh colors so that each vertex of N 2 (D) chooses 
its color randomly and independently from all other vertices of N 2 (D). The vertices 
of N 2 (D) remain uncolored. We will show that the above coloring of G results in a 
rainbow vertex-connection. We only need to prove that every two vertices of N$(D) are 
connected by a rainbow path. Let P v be the event that all the neighbors of v in N 2 (D) 
are assigned at least two distinct colors. We will prove Pr[P v ] > for each v G N$(D). 
As D is a [j 2 ^] -strong two-step dominating set, we can fix a set X(v) C N 2 (D) of 
neighbors of v with |X(t>)| = [j 2 ^:]- Let Q v be the event that all of the vertices in X(y) 
receive the same color. Thus, Pr[Q v ] < 9 _ ^t^^ +1 . As each vertex of N 2 (D) has less 
than 2p-(ofc + k) 2 — 1 neighbors in N%(D), we have that the event Q v is independent 
of all other events Q w for v 7^ w but at most {^{o'k + k) 2 — 2) [ of them. Since 
e ■ Q-\^+ 1 ((^(a k + k) 2 - 2) + 1) < 1 for all a k > 7k + 1, by the Lovasz Local 
Lemma, we have Pr[P v ] > for each v G N 2 (D). Hence, we have proved that for N 2 (D), 
there exists a coloring with 9 colors such that every vertex of N 2 {D) has at least two 
neighbors in Nf(D) colored differently. And the total number of colors we used is at 
most \D\ + |Di| + 9 < y w ~V +5A;-7 + ^- l + 9< {2k2+ J^ n + 5Jfc + 1. Therefore, 
we arrive at rvc(G) < ^ + 5k for all a k > 7k + 1. 

Therefore, the proof of Theorem 9 is now complete. □ 
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